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1. INTRODUCTION 
In this paper, we shall derive explicit necessary and sufficient conditions 
for N-fermion representability of a second order generalized density operator 
(gdo) by a method similar to the one used in [l], for most cases of practical 
interest, namely for almost all second order gdo’s having finite one and two 
ranks. 
The method used is to show that one can construct an N-fermion (anti- 
symmetric) wave function which is the preimage of the tentative second order 
gdo if certain explicit conditions are satisfied by this gdo. Only elementary 
tools are used, the least elementary being the implicit function theorem [2]. 
The apparently nonlinear problem is reduced essentially to a linear one 
in a manner entirely similar to the one used in [l]. We consider first the almost 
trivial cases of N = 2 and 3. Next we derive a new system of implicit neces- 
sary and sufficient conditions for N-fermion representability. Using then the 
explicit necessary conditions derived in [3], we shall show that these are also 
sufficient, up to a further restriction on the rank L of the second order gdo, 
for all N >, 4. 
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2. EXPLICIT NECESSARY AND SUFFICIENT CONDITIONS 
FOR N-FERMION REPRESENTABILITY, hr = 2 4ND 3 
The case A: = 2 is trivial and the case N = 3 has already been essentially 
solved in [l], since by duality the first and second order gdo’s are in this case 
the duals of each other. 
We have thus the following theorems: 
THEOREM 1. A second order gdo is 2-fermion representable t# it is an 
idempotent ([6], Theorem 14) two-fermion operator on .%?$r, the two-fermion 
Hilbert space1 and it has also necessarily the following representation : 
where 
and where the natural spin orbitals (nso) gi form an o.n. set in &&) . 
Proof. The first part of this theorem is an obvious consequence of the 
fact that if N = 2, then D,(x, , x,; xl’, x2’) = @(x1 , x2) 5(x1’, xi), i.e., it is 
just the projection operator on the ray 0(x1 , XJ in A@$; . 
The second part follows immediately from the general kernel representa- 
tion theorem for @(x1 , x,), the previous remark and ([I], Theorem 3). This 
last theorem also explains why we have the normalization 
instead of the usual normalization of the sum of the eigenvalues to 1. 11 
THEOREM 2. Any second order gdo is Sfermion representable i f f  its e&en- 
values and the natural expansion coejkients (nc) of its natural spin geminals 
(nsg) satisfy the following relations: 
1 We are using here the same notation as in [I, 3-61. 
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and 
(N-representability 
condition) (3) 
for every ordered 3-tuple i <j < e with 
at = 0 if i E {A, 4, 
(strong orthogonality of the nsg 
and the nso) (4) 
(orthonormality of the nsg). (5) 
Proof. This theorem is an immediate consequence of the Eq. (9) under- 
lying the proof of Theorem 2 in [l] and the well-known duality ([4], Theo- 
rem 13) between the pth order and the (N - p)th order gdo’s. 11 
COROLLARY. I f  all non-vanishing 1 aik 12’s are of the form 
1 a$+l I2 = 1 a;,,,, I2 = 1 a;2i+l j2 = 6j,2i-,6~,2i, (6) 
then any second order gdo is 3-fe-rmion representable i f f  the degree of degeneracy 
of its eigenvalues is equal to 0 mod 3 and its eigenvalues satisfy Eqs. (2). 
Proof. Eqs. (4) and (5) are obviously satisfied by this particular choice 
(Eq. (6)) of a$‘s. Eq. (3) reduces in this case to 
A’?‘_ = A’?’ = A$, < -A- 21 1 22 iv' (7) 
Our corollary is thus proved. 11 
This corollary gives the explicit necessary and sufficient (nas) conditions 
for 3-fermion representability in the so-called Slater Hull case. One should 
note that any second order gdo satisfying the condition of this corollary 
has preimages 0 which have natural expansions containing only Slater 
determinants all mutually 3-fold excited. (i.e., such that no two Slater 
determinants in the natural expansion have any nso in common). 
3. IMPLICIT NECESSARY AND SUFFICIENT CONDITIONS 
FOR N-FERMION REPRESENTABILITY, N 2 4 
As stated in [3], any N-fermion (antisymmetric) wave function has neces- 
sarily the two following representations: a natural expansion and a kernel 
(polar) expansion, given by 
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where 1 /l/N! det{g,l(m,) ... gpN(xN)). is the usual normalized Slater deter- 
minant constructed from the orbitals gkl ,...,gliN and K = {k, ... kN} is any 
ordered N-tuple constructed from R (or co) given integers; and 
(9) 
where the nsg, h, , and the natural spin cogeminals (nscg)f/ must necessarily 
be o.n. sets m Z$r and #::a , respectively. 
The second order eigenvalues &i are necessarily positive numbers and 
the sum of their squares is equal to 1, since @ is assumed to be normalized 
to 1. 
If we choose the gi’s in (8) to be the nso, then (8) is the natural expansion 
of 0. The coefficient b,‘s are then no longer arbitrary. They must satisfy 
in addition to the normalization condition 
the system of Eqs. (18) of [l] w IC h’ h ex p resses the fact that the gi’s are indeed 
nso, i.e., that there exists a first order gdo D,(x, , xi’) having these gi’s as 
eigenfunctions. Therefore, we must have also 
In view of Theorem 4 in [2], we can also rewrite the kernel expansion in the 
following form: 
By definition, the second order gdo corresponding to @ is given by 
D2(% , x2; xl’, x;) = f 
@(x1 , x2 , x2 ,..., xN) @xl’, x2’, x3 ,..., xN) dx, *a* d+ . 
(13) 
Replacing CD by its expression (9) or (12) in (13), we obtain in view of the 
orthonormality of the f{‘s: 
Lorm (2) 
4(x, , ~2; xl', ~2') = c ~w~w(x, t 4 Sk', x;) 
(C)=1 
(c) det - 
x 2, acm’ ds 
-k&1’) &,(x2% 
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Similarly, replacing @ by its expression (8) in (13), we obtain after integra- 
tion 
A direct comparison of (14) and (15) g ives us the following conditions on 
the $1 , a{$‘~ and bK’s for (8) to be a preimage of D,(x, , x,; x1’, ~a’) 
2 
iv@- 1) c I b, I2 = c$l I 42 I2 = 47c, 3 
&K 
(0 
(16) 
and 
(17) 
where the second summation is over all bK’s such that its indices are the same 
as those of its associated b, in the first sum, except that IQ , Kj are replaced 
by mt, mn. 
Furthermore, we have also necessarily the orthonormality relation for the 
a$..‘~, I.e., 
c a($a(y = s(y. (18) 
(id 
Clearly, the nas condition for N-fermion representability are implicit in 
the system of Eqs. (lo), (ll), (16), (17), and (18). The essential advantage of 
this system of implicit nas conditions for iV-fermion representability over 
the equivalent system derived in [3] is that the present one does not involve 
the nc of the nscg. 
We also remark here that (11) and (17) must necessarily be equivalent to the 
o.n. relation of the nscg, f(‘s. 
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Eqs. (16) are just the implicit nas diagonal N-representability conditions 
which have been studied in detail in [3]. 
Any explicit set of nas conditions for iV-fermion representability can only 
involve the X$1’s and the a$.~‘~ since, as has already been remarked in both 
[I, 31, the nw gk , can be any o.n. set of orbitals in Z&j . 
4. EXPLICIT NECESSARY AND SUFFICIENT CONDITIONS 
FOR N-FERMION REPRESENTABILITY. THE SLATER HULL CASE N> 4. 
The Slater Hull case corresponds to a@s of the form 
i.e., to a second order gdo of the form 
(20) 
We remark here that the orthonormality relations (18) are automatically 
satisfied by any set of ui$ ‘s satisfying (19) and also that (16) and (17) reduce 
in this case to: 
2 
N(N- 1) c I bK I2 = G = A(k) 9 
,kEK 
and 
1 (- l)i+j b, 1 (-- 1)1+“6, = 0. 
,kEK 
K 
(m)eK 
(m)C(k) 
(21) 
(22) 
Furthermore, it is easily verified that (22) implies (1 1), since this last system 
can be written in the form: 
; (- 1”; (- 1)” 1 1 (- l)“+jbK 1 (- l)“DbK/ = 0. (23) 
9 
(kEK &K 
In view of (21), we can state the following theorem. 
THEOREM 3. The eigenvalues of an N-fumion representable second order 
gdo of the form (20) necessarily satisfr the inequality 
(24) 
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and the normalization condition 
Its rank L necessarily satisfies the inequalities 
(,+,)N(N-l1)-(N--s)(N-----I) <L<R(R--I) 
2 2 2 ’ (26) 
where the corresponding one rank R = NS + s (s = 0, 1,2 ,..., N - 1). 
Furthermore, if all its etgenvalues are less than 2/N(N - l), then either their 
degree of degeneracy is equal to 0 mod N(N - 1)/2 or they satisfy the Q sets of 
inequalities 
where the sum on i extends over as many distinct (e)‘s as we need to have at 
least one (b’) per K which contains (k) and where Q < CJT.2 
If Y(Y - 1)/2 of its eigenvalues are equal to 2/N(N - l), then either the 
degree of degeneracy of all remaining ones is equal to 
o mod 
1 
NW - 1) Y(Y - 1) -~ 
2 2 I 
or they satisfy all Q sets of inequalities 
2 J,+rb-I)/2 
N(N- 1) 
and all possible sets of inequalities 
(28) 
(2% 
where the sum on i extends over as many distinct (d)‘s as we need to have at 
least one (e) per K which contains (k) and where Q < CT, . 
Proof. This theorem is just a restatement of Lemmas 2 and 5 and of 
Theorems 1 and 2 of [3] for the case where (19) and thus (21) holds. 11 
It is easy to see by direct calculation that any wave function @ such that its 
natural expansion contains only Slater determinants, which are at least triply 
s CJ’ and Cf;, are as defined in Theorems 1 and 2 of [3]. 
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excited with respect to all others, gives rise to a second order gdo which 
satisfies (19) for all (L)‘s. 
Therefore, we can easily prove the following theorem. 
THEOREM 4. Any second order gdo of the form (20) is N-fermion repre- 
sentable if its eigenvabes and its rank L satisfy Theorem 3 and if L is furthermore 
such that it is the total number of distinct ordered pairs associated with M 
ordered N-tuples constructed from R given indices, all mutually at least triply 
excited. 
Proof. Consider the wave function @ given by 
(30) 
where the set of all non-vanishing bK’s is such that the corresponding set of 
Slater determinants in (30) contains only determinants at least triply excited 
with respect to all others. 
The nas conditions for N-fermion representability are the Eqs. (IO), (21), 
and (22). It is easily verified that Eqs. (22) are vacuously satisfied by the 
present choice of b,‘s and Theorem 3 gives nas conditions for (10) and (21) to 
have a non-negative solution in terms of its unknowns, the 1 b, I$. (See [3], 
Theorem 3.) // 
We can also easily prove the following more general theorem. 
THEOREM 5. A second order gdo of the form (20) is N-fermion representable 
if its eigenvalues and its rank L satisfy Theorem 3 and if furthermore L satisfies 
the inequality 
T=-$(L+l)-+r(r-l)< 
(R -r)! 
(R - N)! (N -r)! ’ (31) 
where r(r - 1)/2 is the number of eigenvalues equal to 2/N(N - 1) and R is the 
corresponding one rank. 
Proof. We have already established that Theorem 3 gives nas conditions 
for (10) and (21) to have a non-negative solution in terms of the unknowns 
1 b, I2 and Eqs. (22) always have solutions if L > N. If the number of Eqs. 
(lo), (21), and (22) is 1 ess or equal to the number of unknowns, i.e., if (31) 
is satisfied, then we can apply the implicit function theorem to the system 
(IO), (21), and (22). 
Since (22) does not contain the A,,, (2)‘s, no further N-representability condi- 
tion can arise from it. In other words (22) always has a solution. Furthermore, 
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it is clear that (21) and (22) are functionally independent since they are 
equivalent to a system of o.n. relations, namely of the o.n. of the nscg, ft. 
Picking any T of the unknowns b, as dependent variables, we can view (lo), 
(21) and (22) as an implicit system for these unknowns in terms of all other 
b K ‘s and all XC2”s (0 . 
We remark here that the functional determinant of this system of implicit 
equations in the T selected b,‘s is independent of the h$),‘s. Also, since (21) 
and (22) are functionally independent, their functional determinant cannot 
vanish identically, i.e., there exists at least one point (a, b) such that this 
determinant is non-vanishing where a stands for the independent variables 
and b for the dependent ones. 
By straightforward continuation, we obtain then, from the implicit func- 
tion theorem, the existence of a solution for all acceptable values of the X$j’s. 
We remark here that the implicit function theorem is usually formulated as a 
theorem on real variables, but our system (lo), (21), and (22) can certainly 
be viewed as a system of double dimensions in real variables. 11 
Theorems 4 and 5 give the complete solution of the N-fermion representa- 
bility problem for the second order gdo in the Slater Hull case for all N > 4, 
except for a finite number of cases ruled out by (31) or the additional restric- 
tion on L of Theorem 4. 
Each such case should be studied separately to obtain any eventual addi- 
tional (compatibility) condition necessary to ensure that (lo), (21), and (22) 
have a common solution. 
5. EXPLICIT NECESSARY AND SUFFICIENT CONDITIONS 
FOR N-FERMION REPRESENTABILITY. GENERAL CASE N > 4. 
In the general case, i.e., when (19) does not hold for all (e)‘s, the implicit 
necessary and sufficient condition for N-fermion representability of a second 
order gdo are given by the system of Eqs. (lo), (1 l), (16), and (17) with the 
additional explicit necessary conditions (18) and (25). 
We first give the following lemma, which simply expresses the necessary 
condition on the #‘s and the a{$‘~ for the second order gdo (14) to reduce 
to an N-fermion representable first order gdo. 
LEMMA 1. The eigenvalues and the nc of the nsg of an N-fermion repre- 
sentable second order gdo necessarily satisfy the following condition : 
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for every ordered pair i < k, 
(33) 
and also 
and 
(34) 
(35) 
Proof. Eqs. (32) and (33) can be obtained directly by comparison of the 
polar representation of D,(x, , x1’), namely 
ROrm 
D,(x, , x1') = 1 XP)g&) g&j'), (36) 
i=l 
and the result of the integration in 
D,(x, , xl’) = 
s 
D,(x, , x2; x1’, x2’) dx, , (37) 
where we have replaced D,(x, , x2; x1’, x2’) by its expressions (14). This 
comparison gives Eqs. (32) and 
LOrm 
A?’ = ) C 
I 
ROrm 
W=l 7c*=i+1 
(38) 
and (33) follows then by using the well known upper bound, l/N, for the 
Ajl’ (see Lemma 1 in [l]). 
The Eqs. (34) and (35) are just the normalization condition for the h$‘s 
and the orthonormality relations for the ngs, g([) . 11 
COROLLARY 1. The eigenvalues of the Jirst order gdo corresponding to a 
second order gdo of the form (14) are uniquely given by 
(38’) 
We remark here that (32) are explicit necessary conditions for IV-fermion 
representability which are equivalent to the implicit conditions (11) as can 
be seen by inserting (17) into (11). Th is is also clear since both (11) and (32) 
express the fact that the gi’s are nso. 
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The N-fermion representability problem is thus reduced to the following 
question: 
Under which condition on the h$‘s and a$‘,‘~ does the system (lo), (16), 
and (17) have a solution in the unknowns, bx’s, where the h$‘s and U$‘S 
must satisfy in addition to the constraints (32), (33), (34), and (35) ? 
We already know the explicit nas conditions for (16) to have a nonnegative 
solution in terms of its unknown 1 b, I2 (see Theorem 3 in [3]). We also 
know that (17) has at least solution of the type corresponding to the Slater 
Hull case. Therefore, we can easily prove the following theorem. 
THEOREM 6. A second order gdo is N-fermion representable if its eigen- 
values and the nc of its nsg satisfy the preceding Lemma 1 and Theorems 1 or 
2 of [3] and if its rank L satisfies the inequalities 
NW - 1) <L < W - 1) 
2 ” 2 ’ (3% 
and its pseudo rank E satisjies the inequalities 
T=r;(L+ ‘1 -Lr(r-ll)G (R - r)! 
2 4 (R - n)! (N - r)! ’ (4) 
if r(r - 1)/2 Ack:)‘s are equal to 2/N(N - 1) and 
(S+l)N(N--I) (N--s)W-s-11) <f;<R(R-l) 
2 - 2 \ \ 2 ’ (41) 
where the corresponding one rank R is given by 
R=NS+s, (s = 0, 1, 2 ,..., N - 1). (42) 
Proof. It is entirely similar to the proof of Theorem 5. We have already 
established the necessity of all the conditions of the theorem except inequality 
(40). 
We require (40) in order to ensure that the system (lo), (16), and (17), 
viewed as a system of implicit equations in TbK’s, selected as variables, has at 
least as many unknowns as equations. 
We can then apply the implicit function theorem to the system (lo), (16), 
(17). The functional determinant of this system does not depend on the 
X$‘s and the a[$’ s and thus cannot be identically zero for at least one solu- 
tion, e.g., for one solution corresponding to the Slater Hull case. Therefore, 
by straightforward continuation, we can obtain a solution corresponding to 
any given set of h$‘s and a$i’s, subject only to the explicit conditions of 
the theorem. 11 
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Theorem 6 gives the complete solution of the N-fermion representability 
problem for all K >, 4 for a second order gdo having finite one and two rank, 
except for a finite number of pathological cases excluded by our condition (40). 
In any of these cases, the eventual additional conditions for A’-fermion 
representability could be obtained by solving explicitly the corresponding 
system (lo), (16), and (17). Th ese additional conditions are just compatibility 
conditions for this system of implicit equations. 
7. CONCLUSIONS 
We have obtained Theorems 1, 2, 5, and 6, the complete solution of the 
N-fermion representability problem for all N for any second order gdo 
having finite one and two rank, except for a small finite number of pathological 
cases excluded by our conditions (40) and (31). 
We believe that Theorems 2, 5, and 6 also hold for the infinite rank case. 
The proof of these extended theorems would require the analog of the 
Minkowski-Farkas lemma and of the implicit function theorem for a separable 
Hilbert space. We postpone the treatment of this case. 
It is clear that the same method could be used to obtain the nas conditions 
for N-fermion representability of any order gdo, but since in practice only 
two-body interaction terms appear in Hamiltonians of interest in chemistry 
and solid state physics, the second order gdo completely characterizes the 
system. Therefore, we do not presently intend to extend these studies to 
higher order gdo’s. 
In future papers, we shall discuss the computational aspects of the results 
obtained here and in the previous papers of this series and also extend these 
results to boson and eventually to mixed boson and fermion systems. 
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